We initiate the perturbative study of the S-matrix for the excitations on top of the GKP vacuum at strong coupling. Using the string sigma model action expanded around the null cusp classical solution, we compute the tree-level S-matrix elements and compare them with the predictions from the asymptotic Bethe Ansatz. We also check the factorization of the three-body S-matrix for various bosonic processes, finding precise agreement with the constraints imposed by integrability.
Introduction
More and more aspects of four-dimensional N = 4 SYM in the planar limit have been revealed to be deeply connected to physics in two dimensions. On the one hand the AdS/CFT correspondence [1] relates its strong coupling limit to a superstring theory defined on a twodimensional worldsheet. On the other hand an increasing number of quantities of N = 4 SYM have been shown to be computable at any coupling via a description in terms of an integrable spin chain [2, 3] .
A corner of this big picture which we will focus on in this paper is the integrability of the twist-two operators of planar N = 4 SYM. They belong to the sl(2) sector of the single trace operators of the theory and in the large spin limit their anomalous dimensions are fully determined by a set of asymptotic Bethe Ansatz (ABA) equations [4, 5] . In the strong coupling regime, via the AdS/CFT correspondence, such twist-two operators are conjectured to be dual to a folded string spinning around its center of mass in AdS 3 ⊂ AdS 5 [6, 7] , whose large spin limit is a fairly simple string solution, amenable of detailed analyses.
One equivalent and fruitful way of describing this system is the light-cone gauge-fixed Lagrangian of the AdS 5 × S 5 string sigma model [8, 9] expanded around the null cusp background [10] . From the quadratic part of the Lagriangian it is possible to read out the spectrum of the excitations of the model at infinite coupling. These are a mass √ 2 complex scalar x, a mass 2 scalar φ, 8 mass 1 fermions and five massless scalars. This spectrum is in partial agreement with the degrees of freedom of the Bethe equations valid at any coupling, with discrepancies connected to the nonperturbative dynamics of the O(6) sigma model emerging at strong coupling in the Alday-Maldacena limit [11] . Nevertheless, the light-cone gauge-fixed Lagrangian can be taken as the starting point for performing perturbation theory and computing quantities of interest at strong coupling. In particular, the light-cone gauge choice makes the Feynman rules fairly simple, so that this Lagrangian is suitable for computing quantum corrections. This approach has been applied to the study of the free energy of the theory [10] which is dual to the anomalous dimension of a cusped light-like Wilson line in planar N = 4 SYM at strong coupling. Such a computation has been pushed to two-loop order and agrees with the ABA prediction [12] providing one of the most spectacular mutual tests of integrability at strong coupling and of the AdS/CFT correspondence (see also [13, 14, 15] ).
The ABA also allows to compute the momentum of the excitations of the GKP string, and consequently determine their dispersion relations to all orders. Again, these predictions from integrability were compared at next-to-leading order at strong coupling by computing the two-point functions of the worldsheet excitations. Interestingly, as mentioned above, the agreement in this case is only partial and the reasons for the mismatches were clarified in [16] . In particular it was shown that perturbation theory within this model can fail to produce sensible results for particular quantities, due to the onset of nonperturbative effects.
We flash that a similar ABA description also exists for the AdS 4 × CP 3 GKP string [17, 18] , dual to the large spin limit of twist-one operators of the ABJM superconformal model in three dimensions [19] . In this context, starting from the AdS 4 × CP 3 light-cone gauge-fixed Lagrangian [20, 21, 22] , a parallel computation of the cusp anomalous dimension at two-loops [23] , and of the two-point functions at one loop [24] has been carried out.
Integrability is able to provide further fundamental data for solving the GKP string, namely the exact S-matrix for its excitations [18, 25, 26] . This object is interesting per se, since it encloses the dynamics of the model, and additional relevance comes from its remarkable relation to scattering amplitudes of planar N = 4 SYM. The starting point for building this bridge is a light-like Wilson loop in a conformal gauge theory. One can perform an OPE decomposition of it by selecting two light-like edges, cutting the Wilson loop across them into a bottom and a top part and inserting a basis of eigenstates in the cut [27, 28] . The latter are interpreted as the excitations of the color flux-tube stretching between two null lines. The OPE expansion is then taken by sending to infinity the flux-tube time conjugate to the energy of the excitations. In space-time, this corresponds to flattening the bottom side of the loop, which is in turn equivalent to a multicollinear limit in dual kinematics [27, 28] . A generic polygon is fully reconstructed from the OPE decomposition by repeatedly performing the procedure sketched above. This is achieved by dividing the polygon into elementary squares and considering how excitations propagate between two adjacent squares, forming a pentagon, from the bottom to the top edge [29] . The central object enclosing the dynamics of this process has been dubbed the pentagon transition. The remarkable feature of planar N = 4 SYM is two-fold. On the one hand in this theory the flux-tube excitations are the same as those of the GKP string and their dynamics is completely determined at any coupling by integrability. In particular, the pentagon transitions emerge as ratios of GKP string S-matrix elements. On the other hand null Wilson loops in N = 4 SYM are dual to scattering amplitudes [30, 31, 32, 33] , offering the unprecedented possibility of evaluating the S-matrix of an interacting four dimensional theory at any coupling. In fact this approach has been applied to and tested against a variety of scattering processes, both at weak and strong coupling [34, 35, 36, 37, 38, 39, 40] . In conclusion there exists a tight interplay between the (flux-tube) S-matrix of the GKP string two-dimensional model and that of the four-dimensional planar N = 4 SYM.
Recently, the S-matrix for the GKP string has been thoroughly studied using the ABA in [25, 26] . This allows to write expressions for its elements, valid at any order. In particular their expansion at strong coupling in the perturbative regime has been spelled out, which is amenable of perturbative checks. The aim of this paper is to perform such tests by comparing these integrability based results to the amplitudes which can be computed perturbatively from the light-cone gauge AdS 5 × S 5 sigma model lagrangian. We start by reviewing the action expanded around the cusp background and its Feynman rules. Next we detail the computation of several S-matrix elements between the particles of the model. We find that, as long as massless modes do not enter the computation, the results are trustworthy and exhibit perfect agreement with the integrability predictions. In order to make this manifest we express both results in terms of hyperbolic rapidities to allow for comparison.
All other amplitudes, namely that for two fermions and all those with massless scalars as external states, turn out to be troublesome, as might have been expected from the findings of [41, 16] . In section 6 we comment more extensively on fermion-fermion scattering and propose a trick (though biased by rather strong assumptions) to compute the scalar factor evading the problematic part of the perturbative computation.
In the last section, as a further check of integrability, we analyse some processes involving six particles in the massive scalar sector of the excitations, namely the scattering of gluons of same helicity and mesons. These are four possible processes and we verify in all cases that there is no particle production and the S-matrix factorizes. Here we anticipate that the cancellation of the various diagrams in a generic kinematic configuration is considerably more intricate and stunning than the BMN case [42] due to the presence of cubic and quintic interactions. 
and ∆ s ≡ ∂ s − 1. The ρ M ij matrices are the off-diagonal blocks of 6d gamma matrices in chiral
The Dirac form [16] is achieved from the action of [41] , by packaging the η and θ fermions appearing in the latter into Dirac two-component spinors as follows
The gamma matrices are
andψ ≡ ψ † γ t , as usual. The projectors appearing in the Lagrangian are defined as Π ± ≡ 1 2 (1 ± γ s ), where 1 is the 2 × 2 identity matrix. Expanding in the fields at second order
the spectrum of excitations of the model is inferred, which consists of:
• a mass √ 2 complex scalar x, which together with its complex conjugate represents the insertion of a positive and negative helicity gluon on the GKP vacuum.
• a mass 2 scalar φ which from the point of view of the GKP integrable model does not represent an elementary excitation at finite coupling, but is rather interpreted as a composite two-fermion virtual state [35, 43] . The fact that this object is not a proper asymptotic state of the theory renders the computation of matrix elements thereof rather meaningless. Nevertheless, it was argued in [26] that at strictly infinite coupling the φ scalars ought to be interpreted as real physical bosons, which were baptised mesons by the authors. We adopt here this interpretation and nomenclature and compute their S-matrix elements at first order at strong coupling.
• 5 massless scalars y a , a = 1, . . . 5, which are the would-be Goldstone bosons originating from spontaneously breaking the original SO(6) invariance of the action to SO(5), which in turn is due to selecting a particular point in S 5 for the cusp vacuum. As already clarified in the literature, the SO(6) symmetry is restored by the onset of nonperturbative effects, which consequently provide an exponentially small mass for these scalars. This is captured by the full description of the excitations of the GKP string from integrability, where these scalars represent holes in the GKP vacuum. However these phenomena are not visible in a perturbative approach from the action (2.1). Moreover the interactions of the massless scalars in (2.1) trigger the emergence of IR divergences in loop computations (or even unphysical 1/0 singularities for amplitudes at tree level) which make the perturbative expansion ill-defined and cast doubts on its validity. As a consequence, we anticipate that amplitudes involving massless scalars are likely to produce incorrect results. At best the S-matrix elements are just not comparable to those of the ABA approach and violate its underlying SU (4) symmetry, in the worst case scenario they are ill-defined. We discuss this point further in Section 6.
• 4 mass 1 Dirac fermions ψ i (ψ † i ), i = 1, . . . 4, transforming in the 4 (4) representation of SU (4), which are mapped to insertions of fermionic excitations on the GKP vacuum. The fermions are in perfect correspondence with the degrees of freedom of the ABA description. In particular they form multiplets of its SU (4) symmetry. However, it is clear that the interaction terms in the Lagrangian (2.2) break this symmetry * . This occurs for instance in the coupling with the massless scalars. Therefore one can foresee that problems might occur computing amplitudes of fermions whenever SU (4) breaking interactions undermine the invariance of scattering processes under this expected symmetry.
In this paper we analyse the 2 → 2 tree level scattering of such particles, by computing them with Feynman diagrams. The Feynman rules are as follows. From the quadratic action (2.6) we derive the propagators
with the notation we use for drawing Feynman diagrams throughout the article. Interaction vertices are given by − 1 2 those appearing in the Lagrangian giving rise to a consistent expansion in the effective coupling T . They are listed in Appendix A for completeness.
We assign momenta p 1 and p 2 to the incoming scattering particles and p ′ 1 and p ′ 2 to the outgoing ones. Their components are
with imaginary energy in the euclidean. On-shell, we parameterize the momenta of massive particles with hyperbolic rapidities as
There are in general two solutions to the momentum conservation constraints with relativistic particles: the first is forward scattering p ′ 1 = p 1 , p ′ 2 = p 2 , the second is backward scattering which for particles of equal mass reads p ′ 1 = p 2 , p ′ 2 = p 1 , and for different masses has a complicated solution. Integrability predicts that backward scattering should be absent, which is a statement we also want to verify directly.
Solving the momentum conservation δ functions produces a Jacobian
which we have to add to the amplitude. Fermionic external states yield the polarization Dirac spinors
Since we will not scatter antifermions, u(p) and its conjugatē 11) are the only polarization spinors needed. Note that the sign of e changes, according to its imaginary nature. The normalization comes in such a way that
The action we use contains an overall factor
In order to have a standard form for the kinetic terms, we normalize each particle in the initial and final states with a factor N = 1/ √ 2g, apart from the x, x * scalars whose kinetic terms is off by an extra factor of 2 and are thus normalized with
Therefore the S-matrix elements read
and we compute A(p 1 , p 2 ) with Feynman diagrams. With the Feynman rules outlined above each interaction vertex has a power of the coupling, whereas propagators introduce an inverse power. Then it is straightforward to see that at tree level A is of order g and therefore S scales as g −1 .
3. Scattering of gluons
Same helicity scattering
We start considering scattering of two transverse gauge excitations of the same helicity xx → xx. Since the particles are identical, we can restrict to, e.g., the forward solution to the momentum conservation conditions, and sum the diagrams in Figure 1 , which correspond to the t-and u-channel exchange of a mass 2 scalar. Using our euclidean action, the amplitude evaluates
where the two terms in the parenthesis come from the t-and u-channels of the diagrams in Figure 1 , respectively. Hence the total S-matrix element reads
2) † Note the different convention for the coupling with respect to [26] , where g = Figure 1 : Tree-level diagrams for xx → xx scattering. The exchanged particle is the φ scalar.
which can be written in terms of hyperbolic rapidities as
Opposite helicity scattering
We now turn to the scattering of two transverse gauge excitations with opposite helicity xx * → xx * . The tree-level amplitude is given by the sum of the diagrams in Figure 2 . Figure 2 : Tree-level diagrams for xx * → xx * scattering. The exchanged particle is the φ scalar.
We begin considering forward scattering, where the particles do not exchange their momenta. This gives the tree level amplitude
where the notation stresses the forward kinematic configuration. In hyperbolic rapidities this leads to the expression
In the backward scattering kinematic configuration, interestingly, the two tree-level diagrams of Figure 2 cancel exactly leaving a vanishing result
where the last equality follows from the identity
which holds for mass √ 2 particles.
Comparison to integrability results
We compare the results obtained for gluon scattering from the string sigma model with the predictions from the ABA. For the same helicity process, to lowest order in the strong coupling expansion, the integrability result reads
(3.8) in terms of (rescaled:ū i = u i 2g ) Bethe rapidities, which can be mapped to hyperbolic ones usingū
to lowest order in the strong perturbative regime. This gives [25] 
which coincides with the perturbative result (3.3). For opposite helicities, the result (3.5) for forward kinematics can be directly compared to that quoted in [26] 
showing agreement. In addition, we remark that integrability predicts the ratio between the S-matrices for same helicity and opposite helicity in terms of Bethe rapidities [34] 
This statement holds non-trivially at all orders. Rescaling rapidities as u i → 2gū i and expanding it at first order in perturbation theory for large g, we can appreciate that it has the simple translation in terms of external momenta
which comes precisely from subtracting the dynamical factors of the amplitudes (3.1) and (3.4), using again the kinematic identity (3.7).
The integrability results also predict that backward scattering is absent in this process, to all orders. With (3.6) we are able to test this prediction at lowest order in perturbation theory at strong coupling.
Scattering of gluons with other particles
In this section we compute the amplitudes for scattering of a gluon with a different particle, which might be a fermion, a massless scalar or a meson which, as recalled in the Introduction, we identify with the mass 2 scalar φ in the spectrum of the string excitations. Anticipating that amplitudes involving the massless scalars are troublesome, we restrict our attention here to scattering of massive excitations only and defer the discussion on y scalars to section 6.
Gluon-meson scattering
This process can be computed through the Feynman diagrams shown in Figure 3 . The amplitude evaluates in general
For forward scattering the amplitude takes the form
2) leading to the S-matrix element
The second solution to the momentum conservation δ functions has an unpleasant form which produces a nasty expression for the amplitude (4.1) in this regime. Nevertheless this simplifies to 0, showing that the scattering is reflectionless.
Gluon-fermion
We turn to scattering between a gluon of positive/negative helicity with a fermion. We start with the process ψx → ψx, whose relevant Feynman diagrams are displayed in Figure 4 . Figure 4 : Tree-level diagrams for ψx → ψx scattering.
The algebra of the two diagrams gives (each line comes from a different graph)
which summed and evaluated for forward kinematics with hyperbolic rapidities gives the simple result
As before, the evaluation of the expression for the amplitude in backward kinematics is more complicated but eventually vanishes. Considering the process ψx * → ψx * , we evaluate the Feynamn diagrams of Figure 5 . The first gives the same contribution as for the first diagram of Figure 4 , spelled out in the
first line of (4.4), whereas the second differs and is given by the expression
The combination of the two terms in forward kinematics is such that only a relative sign changes with respect to the previous result (4.5)
Backward scattering is vanishing.
Comparison to integrability Following [26] , the ABA predicts that the meson-gluon scattering phase has the strong coupling expansion
which is easily seen to be equivalent to our perturbative result (4.3).
Turning to gluon-fermion scattering, we have to compare our results (4.5) and (4.7) with the integrability predictions
which show perfect agreement (upon apparently identifying x → g * and x * → g, which is just a matter of conventions). In addition, we have ascertained that these scattering processes are reflectionless, which is a general feature of integrable scattering matrices involving excitations with different masses.
Scattering of mesons

Meson-meson scattering
We study the scattering of two mass 2 mesons φ. The relevant Feynman diagrams, shown in Figure 6 , evaluate to
where we have already selected, e.g., forward kinematics since the particles are identical. In particular, the first contribution arises from the sum of the first and third diagrams which are equal to each other. The last diagram just gives a number, on-shell. Summing them up Figure 6 : Tree-level diagrams for φφ → φφ scattering.
and turning to hyperbolic rapidities, we obtain the expression
Meson-fermion scattering
This process involves the diagrams of Figure 7 , which read respectively
From these we compute the forward scattering phase Figure 7 : Tree-level diagrams for ψφ → ψφ scattering.
The solution to backward kinematics generates as usual a cumbersome output, which nevertheless can be shown to vanish.
Comparison to integrability results
The amplitude computed above for meson-meson scattering is found to be in perfect agreement with that quoted in [26] , formula (C.45). For fermion-meson scattering the perturbative result also matches the ABA prediction which can be extracted from formulae in section 9 of [26] , precisely producing (5.4). Again, absence of backward scattering has been verified for these processes at lowest order in perturbation theory.
Amplitudes involving massless scalars
We have left aside all amplitudes with scalars as external particles as well as the fermionfermion scattering, whose tree-level computation involves a massless scalar exchange. In this section we comment on these processes, which appear problematic to compute using perturbation theory from the action (2.2), similarly to what was shown to happen for two-point functions [41, 16, 24] . On the one hand the massless scalars cannot even be identified with the degrees of freedom of the integrable model describing the GKP string as their number differs. Hence it would be quite meaningless to compare their scattering matrices. On the other hand the massless scalars can cause problems even when they do not appear as external states, but as exchanged particles. This happens for instance when trying to compute fermion-fermion scattering. The massless scalars introduce interactions which break the SU (4) symmetry of the Lagrangian and hence produce a violation of the SU (4) structure expected for fermionfermion scattering. Moreover, if treated as massless, an exchange of y scalars in the t-channel is plagued by an unphysical 1/0 singular term caused by the propagator, which signals an inconsistency of the perturbative approach. Finally, the exponentially suppressed mass gap of the theory combined with the logarithimic dependence on the IR cutoff appearing in IR divergent higher loops contributions would invalidate the perturbative result even at tree level [16] . We verify and address these issues, where possible, studying the aforementioned amplitudes.
Fermion-fermion scattering
First we tackle the amplitude between a pair of fermions. These particles transform in the 4 representation of SU (4), hence the 2 → 2 amplitude is a 4-indices tensor of SU (4). Following [35] we define it as
One could also consider the fermion-antifermion amplitude, but its computation involves a higher number of Feynman diagrams, therefore we focus on (6.1) and evaluate the relevant graphs of Figure 8 . The computation of the first four are straightforward and yield separately
in terms of hyperbolic rapidities. We note that the diagrams contribute to different tensor structures. In particular, those with a mass 2 meson exchange are proportional to δ i k δ j l and δ i l δ j k , respectively, that triggered by a gluon exchange is proportional to (ρ 6 ) ij (ρ † 6 ) kl and the quartic vertex diagram is proportional to
The diagrams featuring a massless scalar exchange remain to be evaluated. The first is proportional to the tensor structure (ρ a6 ) i k (ρ a6 ) j l and its algebra is troublesome: momentum conservation in two-dimensional kinematics forces the internal propagator to be singular. This unphysical phenomenon signals that something wrong is happening in the perturbative expansion. One may regulate the propagator with a small mass, which sounds reasonable since the scalars acquire a small nonperturbative mass, after all. With such a regulator the diagram is found to vanish, on-shell, since the numerator is proportional to the fermion onshell condition. The diagram with a scalar exchange in the u-channel, which contributes to the (ρ a6 ) i l (ρ a6 ) j k structure, is not singular but vanishes on-shell as well. The result of such a naive computation is certainly far from the prediction of integrability. In particular the tensor structure of the result is violating the expected SU (4) symmetry of the integrable model. The tensor structures appearing in it are not independent, on the contrary they are related by the tensor identities
Still, if one tries, e.g., to eliminate the ρ a6 tensors from the result, it is clear from the very different expressions of the contributions, that there is no chance the ρ 6 ρ † 6 piece cancels, which would leave SU (4) invariant tensors only. At this point we conclude that the perturbative approach fails to compute this amplitude and blame the massless scalars for this, along the lines of [16] . Nevertheless, we can still try to make use of the computation of the diagrams (a1), (a2), (b) and (c) in Figure 8 , which looks legitimate, with some experimental physics. Let's say that the interactions between massless scalars and fermions are not suitable for this computation because of the onset of nonperturbative phenomena which are not accessible via our analysis. As explained in [16] , the massless scalars cause infrared divergences in loop computations, which can be thought of as logarithms of their exponentially small mass. Therefore these logarithms produce positive powers of the coupling, mixing perturbative orders and invalidating perturbation theory. We can imagine that an infinite tower of leading logarithms can be resummed and produce a nonvanishing contribution to the tree level result for the fermion amplitude. We can also suppose that the tensor structure of this contribution is proportional to the tree level structures (ρ a6 ) i k (ρ a6 ) j l and (ρ a6 ) i l (ρ a6 ) j k , thought we admittedly do not have any solid argument to justify this. To parameterize our ignorance on the form of these interactions we introduce the two undetermined functions x and y as order g coefficients of the ρ a6 tensors
Next we assume that the scattering process occurs in an SU (4) invariant and integrable fashion and borrow the general expression for such an S-matrix [44, 35] 
in terms of Bethe rapidities. The scalar factor S f f (u 1 , u 2 ) encloses the dynamics of the particular integrable model, that is the GKP string in the case at hand. This assumption is putting some extra crucial ingredient at this point, but let us go ahead with this working hypothesis and see if we get some mileage. First we expand (6.5) at strong coupling by first rescaling the Bethe rapidities u i = 2gū i , expanding to first order at g → ∞ and mapping the Bethe rapidities to hyperbolic,ū i = coth 2θ i for fermions. This gives
On the other hand, using (6.4) and (6.2), the amplitude reads
If we insists that it has to respect the form (6.6), we can plug (6.3) into the equation above in order to eliminate the ρ 6a structure and impose that the ρ 6 ρ † 6 tensors also drop out. This leaves us with a linear system in three unknowns, where that we are aiming at is the scalar factor S f f (θ 1 , θ 2 )
Solving the system we obtain
which is in precise agreement with the prediction of [26] . We want to stress that the derivation above is highly speculative and already assumes integrability as an input. Still, we find interesting that the perturbative computation of a subset of safe graphs is able to reproduce the correct result of the fermion scalar factor, which arises from the complicated nonperturbative dynamics of the GKP string.
Scattering of massless scalars
We turn to scattering involving massless scalars as external particles. As mentioned above, although it is possible to construct Feynman diagrams for them starting from the action (2.2), it is not clear what to compare the objects computed this way to. Indeed the five massless scalars present in the model are not directly mapped to the holes of the integrable GKP string model and the dynamics of the latter is highly nonperturbative. For instance, from the point of view of the string sigma model (2.2), the scattering amplitude of a scalar off a gluon vanishes identically at tree level, since there are simply no interaction vertices to construct it. On the other hand integrability predicts that the amplitude is finite and possesses a contribution of order g −1 . Clearly there is a clash between the two approaches. For other processes there are in principle Feynman diagrams one can construct, but we are skeptical on the possibility of extracting any interesting information from them, given the known shortcomings of the model when addressing quantities that are not SU (4) invariant.
Particle production and factorization
In this section we provide evidence for the absence of particle production and the factorization of the 3 → 3 particle S-matrix in terms of two-body ones [45] . Let us first recall which structure the factorization constraint assumes when expanded perturbatively. We start from the basic factorization equation
where the operators act on a three-particle state and the indices label the scattering particles. In this notation the product of S-matrices is not commutative and the consistency of factorization is provided by the Yang-Baxter equation In the following we show that this identity holds for the 3 → 3 scattering processes involving bosonic GKP massive excitations.
Scattering of three gluons
Let us start from the simplest case, i.e. the xxx → xxx S-matrix.
The contributing Figure 9 : Tree-level diagrams for xxx → xxx scattering.
diagrams are shown in Figure 9 , with all possible permutations of external momenta. These contributions, with the choice of momenta in the figure and using the shorthand notation 
The total amplitude is given by the sum of the diagrams above, summed over the 36 permutations of the incoming and outgoing external momenta separately and weighted by the following symmetry factors
+ perms = 0 (7.5) and is found to vanish for generic kinematics. Care has to be taken for special kinematics, for
Figure 10: Diagrammatic interpretation of the S-matrix factorization for the scattering of three gluons. A similar picture can be derived also for the internal propagator with momentum p 2 and p 3 . The blue dashed line indicates that the propagator has to be replaced by an on-shell δ function 2iπδ(p instance whenever p 1 = p 4 . This automatically forces the other momenta to be equal pairwise,
In such a situation, and all permutations thereof, the first diagram develops a singularity because of the on-shell intermediate x propagator. The other diagrams are regular since they do not possess any propagators going on-shell. With the Feynman prescription the singular propagator splits as usual into a finite, principal value, part and a δ function. The finite part cancels among the three diagrams as in the nonsingular case, whereas the δ function part produces the only non-vanishing contribution. In Figure 10 we provide an example of such a situation with the blue dashed line indicating a cut propagator, i.e. an on-shell δ function. The four singular configurations involving an on-shell propagator with momentum p 1 group themselves in such a way that they can be explicitly interpreted as the product of the t-and u-channel contributions in Figure 2 for the tree-level S-matrices T xx (p 1 , p 2 ) and T xx (p 1 , p 3 ). A similar picture arises for internal propagators with momenta p 2 and p 3 leading to a factorization of the form
(7.6) predicted by the Yang-Baxter equation (7.3).
Scattering of three mesons
A slightly more involved computation can be carried out to ascertain factorization for the 3 → 3 scattering of mesons. There are seven relevant topologies of Feynman diagrams contributing to this process, drawn in Figure 11 , with all possible permutations of external legs. For the Figure 11 : Tree-level diagrams for φφφ → φφφ scattering.
choice of external momenta shown in the picture the diagrams read, using the shorthand 
For the last two diagrams we have used the φ quintic and sextic vertices (A. + perms = 0 (7.8) it is straightforward to ascertain, e.g. numerically, that the amplitude vanishes for generic external momenta.
As before the only non-vanishing contribution comes from the kinematically singular configurations. In particular the first, fourth and fifth diagrams contain a propagator which goes on-shell for forward kinematics. As for the gluons case one can group these three contributions and interpret them in terms of products of the diagrams in Figure 6 . In particular the first diagram receives contributions only from the first three diagrams of Figure 6 . The fourth diagram produces the products of the four-vertex interactions in the two-body amplitudes and the fifth diagram generates the mixed terms. For instance, we can select the singular diagrams contributing to the structure T 12 T 23 . We dubd φφφ i ({p j }) the diagrams listed above after removing the singular propagator and with the momenta ordered as in its argument andp i = p i the outgoing momenta after enforcing the δ function from the singular propagator. Then the total contribution with momentum p 2 flowing in the singular propagator is proportional to the combination
where brackets stand for symmetrization and apply to separate groups of momenta in a selfexplanatory notation. The symmetry factors take into account equivalent configurations. Dividing by them as in the above formula we see that there is one contribution from diagram 4, corresponding to the product of the four-vertex diagrams of Figure 6 contributing to T 12 and T 23 , respectively. Diagram 1 produces 9 terms which emerge from the product of the three diagrams of Figure 6 with cubic vertices only. Finally diagram 5 gives 6 terms from the mixed products. Altogether these combine to give the 4 × 4 = 16 terms from the product of two-body amplitudes. Inserting the Jacobians from the momentum conservation δ functions and properly normalizing, we have ascertained that this combination gives precisely T 12 T 23 , as it can be obtained from formula (5.2) . Summing the contributions to T 12 T 13 and T 13 T 23 , altogether they combine to give the full factorization (7.3).
Scattering of two gluons and one meson
Next we can consider the mixed process
). In this case there are 23 topologies of diagram contributing, shown schematically in Figure 12 , with possible permutations of the external legs. In order to show factorization we evaluate this process numerically for generic configurations of external momenta satisfying the on-shell and momentum conservation conditions. We use the expression for the diagrams in Appendix B and sum over the eight momentum permutations p 1 ↔ p 2 , p 4 ↔ p 5 and p 3 ↔ p 6 . For some diagrams these permutations are overcounting the contribution, which we take into account with the following symmetry factors
Remarkably, such a large combination of diagrams can be straightforwardly seen to vanish for generic choices of external momenta, with a marvellous cancellations spreading over 132 terms. Therefore only singular configurations corresponding to factorization of the amplitude eventually contribute. In this case the amplitude factorises in the contributions T xx 12 T 
Scattering of one gluon and two mesons
Scattering of a gluon and two mesons receives contributions from 29 topologies of Feynman diagrams, depicted in Figure 13 . In each there are up to 4! factorial permutations of the external momenta of the mesons. We take them into account by summing all diagrams over 
Conclusions
In this paper we have computed S-matrix elements for the excitations of the GKP string at first order in 1/g from perturbation theory of the light-cone gauge-fixed AdS 5 × S 5 sigma model. The outcome of our analysis is that, as long as massless scalars do not enter the computation, the scattering phases are in agreement with the ABA predictions. This safe sector includes all amplitudes without massless scalars on the external legs, apart from the fermion-fermion scattering process where massless scalar exchanges contribute. In the latter case the result of a naive perturbative computation is found to violate the SU (4) symmetry of the integrability based result, since its tensor structure does not consist of invariant tensors only. A possible interpretation of this fact is that IR singularities appearing at higher orders in the perturbative expansion spoil the predictivity of perturbation theory at tree level. Nevertheless, by comparing the perturbative results for the two SU (4) invariant tensor structures and imposing that the spurious ones vanish, it is possible to correctly reproduce the scalar factor predicted by integrability. This hints at the fact that IR divergent contributions at higher loops should contribute only to the spurious tensor structures. It would be interesting to check this fact explicitly.
In an integrable theory 2 → 2 processes are the fundamental building blocks for any higher point scattering amplitude thanks to the factorization of the S-matrix and the absence of particle production. We have explicitly checked these properties to hold for three-body S-matrices involving gluons and mesons. The structure of the computation turned out to be more involved than the BMN case [42] , where only quartic and sextic interactions are present. Here, also three-and five-point vertices need to be included and this considerably increases the number of diagrams. Therefore, the precise cancellation of the three-body S-matrix provides a further stringent check of the integrability of the model.
We conclude remarking that a similar analysis could be performed for the analogous AdS 4 × CP 3 model dual to the ABJM theory. Again it is expected that only a subset of these amplitudes is safely computable and comparable to the integrability predictions. In particular the latter model includes a massless Dirac fermion as well, whose dynamics is expected to be deeply nonperturbative, as for the massless scalars. Finally, we point out that the tree level scattering elements we have computed (or the more comprehensive list from the ABA) could be used as the starting point of a unitarity based computation of the scattering phases at next order, in order to perform more precise checks of integrability of the S-matrix at the quantum level. This program has been already applied to the BMN string in several AdS backgrounds [46, 47, 48, 49, 50] and it would be interesting to extend it to the GKP string as well.
A. Expanded Lagrangian to fourth order
In this appendix we spell out the interaction terms of the Lagriangin (2.2), up to quartic order in the fields. Cubic vertices read
and quartic interactions
In the computation of scattering of three mesons quintic and sextic vertices are needed, which can be obtained expanding ( 
B. Computation of xxφ → xxφ diagrams
In this section we spell out the expressions of the diagrams contributing to the xxφ → xxφ scattering process. We label external momenta as x(p 1 )x(p 2 )φ(p 3 ) → x(p 4 )x(p 5 )φ(−p 6 ) and give the expression for the diagrams of Figure 12 , following their order. The diagrams have an overall factor 2g(ip 1 − 1)(ip 2 − 1)(−ip 4 − 1)(−ip 5 − 1) which we omit in the following. 
